An interconnection network is usually modeled as a graph, in which vertices and edges correspond to processor and communication links, respectively. Connectivity is an important measurement for the fault tolerant in interconnection network. Two vertices is maximally local-connected if the maximum number of internally vertex-disjoint paths between them equals the minimum degree of these two vertices. In this paper, we show that an n-dimensional Bubble-sort star graph is (2n − 5)-fault-tolerant maximally localconnected and is also (2n − 6)-fault-tolerant one-to-many maximally local-connected.
Introduction
An interconnection network is usually modeled as an undirected graph, in which vertices and edges correspond to processor and communication links, respectively. Let G = (V (G), E(G)) be a graph with the vertex set V (G) and edge set E(G). For a vertex set X , N(X ) is the neighbor of X , and for a subgraph H of G, let N H (X) = N(X ) ∩ V (H). In particular, when X = {x}, we set N H (x) = N H ({x}) and d H (x) = |N H (x)|. A singleton of G is a vertex v with d G (v) = 0. Let ∆(G) and δ(G) denote the maximum and minimum degree of G, respectively. For X , Y ⊆ V (G), we denote by E G (X, Y ) the set of edges of G with one end in X and other end in Y , and by e G (X, Y ) their number. In particular, when Y = V (G)\X, we set E G (X) = E G (X, V (G)\X).
The distance between two vertices u and v, denoted by d G (u, v) , is the length of the shortest path from u to v. A matching is a set of pairwise nonadjacent edges in a graph. The induced subgraph obtained by deleting the vertices of F ⊆ V (G) from G is denoted by G − F . We use Bondy and Murty [2] for terminology and notation not defined here.
The connectivity of a graph G, denoted by κ(G), is defined as the minimum number of vertices whose removal results in a disconnected or trivial graph, which is a major parameter widely describing the connection status of a graph. A nontrivial
is known that κ(G) ≤ δ(G). A graph G is maximally connected if κ(G) = δ(G). The
local-connectivity between two distinct vertices x and y is the minimum number of internally disjoint paths between x and y. As to local-connectivity, there is a classical Menger's Theorem (see [10] ).
Theorem 1.1 (Menger's Theorem). In any graph G with (x, y) ̸ ∈ E(G), the maximum number of pairwise internally disjoint xy-paths is equal to the minimum number of vertices in an xy-vertex-cut.
With the continuous increasing in network size, routing in networks with faults has become unavoidable. Fault-tolerance is especially important for interconnection network, which is directly related to the connectivity of the corresponding graph.
An efficient routing can be achieved by vertex-disjoint paths, which can not only avoid communication bottlenecks, thus increase the efficiency of message transmission, but also provide alternative paths in case of vertex failures. For the most part, while the number of faulty vertices is greater than the connectivity of a network, the network with faulty vertices remains connected, or there exists a large connected component (see [4] ), or there exist some large components (see [3, 8, 9] ). Many measures on fault tolerance of networks are related to the maximal size of the connected components of networks with faulty vertices. To estimate the maximally connected component of the network with the faulty vertices is essential (see [1] ). In general, a remaining large fault-free connected component also increases fault-tolerance. Yang, Evans and Megson [16] [17] [18] continually presented some results on the maximally connected component of the n-dimensional hypercube. Oh and Chen (see [12, 11] ) firstly applied the following concept on hypercubes and star graphs. 
The above concept of local connectivity can be referred as a one-to-one version of connectivity. In classical theory, there is a one-to-many version of connectivity.
Given a vertex x and a set U of vertices, an (x, U)-fan of size k is a set of k-paths from x to U such that any two of them share only one vertex x, where |U| ≥ k.
Let G be a graph and
There is a classical theorem about one-to-many connectivity which was provided by Dirac in [2] .
Theorem 1.4 ([2]).
A graph is k-connected if and only if it has at least k + 1 vertices and, for every choice of (x, U) with |U| ≥ k, has an (x, U)-fan of size k. [14] extended the one-to-one version of connectivity to one-to-many version of connectivity.
Shih and Tan

Definition 1.5. A graph G is one-to-many f -fault-tolerant maximally local-connected, if given any
, there is a set of |U| paths from x to U in G − F such that each pair of them share only the vertex x, for each conditional terminal set U with |U| ≤ d G−F (x).
About the property of the maximal local-connectivity, there are many results (see [6, [10] [11] [12] [13] 15, 16, 19] ). Oh and Chen [12] showed that the n-star graph is (n − 3)-fault-tolerant maximally local-connected. Shih and Tan [14] showed that an n-dimensional Bubble-sort graph is (n − 3)-fault-tolerant maximally local-connected and also (n − 1)-fault-tolerant oneto-many maximally local-connected. Shih et al. [13] showed that n-dimensional hypercube-like networks is (n − 2)-faulttolerant maximally local-connected.
In this paper, we first present some results on the maximally connected component of the Bubble-sort star graph, and then study the Menger property on the Bubble-sort star graph, which is the merger [7] of the Bubble-sort graph and the star graph. (Originally, the merger graph is used to achieve the edge fault tolerance [7] .) Clearly, the star graph owns many attractive properties except the embeddability as well as the Bubble-sort graph is simple and possesses some desirable features except the long diameter. So we may expect that the Bubble-sort star graph will combine the advantages of both graphs and surmounts their individual flaws (see [5] ).
We now introduce the Bubble-sort star graph. Let a, b be two integers, and denote [a, b] = {x : x is an integer with a ≤ x ≤ b}. Let S n = [1, n] , and let Perm(S n ) denote the set of permutations over S n . We denote ''•'' to be an operation such that [5] ). Clearly, BS n is (2n − 3)-regular and vertex symmetry. Moreover, it is Hamiltonian and bipartite. BS n is partitioned into n subgraphs BS Note that BS 3 ∼ = K 3,3 and one can deduce many properties of BS 3 easily. Hence we begin by discussing BS n for n ≥ 4.
Here, we mainly show the following results. Let x, y, w ∈ V (BS n ) with xw ∈ E(BS n ) and d BS n (x, y) ≥ 4, and let F = N BS n (w) \ {x} (see Fig. 2 ). Then |F | = 2n − 4,
But there are at most 2n − 4 vertex-disjoint paths between x and y in BS n − F . Note 1.10. The bound 2n − 6 in Theorem 1.8 is sharp.
Recall that K 3,3 is a proper subgraph of BS n for n ≥ 4 by the construct of BS n . Hence there exist two vertices Fig. 3 ). That is, there are at most 2n − 5 paths from x to U such that each pair of them share only the vertex x in BS n − F .
Preliminary
In the section, we always assume n ≥ 4 and divide BS n into BS i n with the last position of the label strings i, i ∈ [1, n] .
and the result holds for BS
, then by (ii) and the inductive hypothesis, the result holds. So we assume
Note. For any I ⊆ [1, n], we use BS
I n to denote the subgraph of BS n induced by
The above results set up the preparation for our results. We will discuss the maximally connected components of BS n in the presence of faulty vertices in next section.
The maximally connected component of BS n
In this section, we will present some results on the maximally connected component of BS n (n ≥ 4), which also be used to prove our main results in Section 4.
Suppose that F is a subset of faulty vertices in BS n (n ≥ 4), and let First, we present the following thoughts to look for the maximally connected component of BS n , whose validity can be seen from the proof of our main results in this section. Set U i = {u : u is a singleton of BS
Maximally connected component
Input: A subset of faulty vertices F of BS n with |F | ≤ 4n − 9.
Remark. Theorem 1.6 holds follows from the above.
Next, we will show that κ( 
Proof. By Lemma 3.1, the result holds for n = 4. We proceed by induction on n. Assume that n ≥ 5 and the result holds for BS n−1 . Now we will show that BS n − F is connected with F ⊂ V (BS n ) and |F | ≤ 2n − 4. Let
If |F 3 | = 0, then F [3,n] = ∅, and thus BS 
Last, we will show that the following results, from which Theorem 1.6 follows. 3, 3 , and hence we can assume that F 1 = {2341, 3421, 4231}. We can check that BS 4 − F has three components, two of which are singletons 3412 and 2431 only when F 2 = {3412, 4132, 1342} and F 3 = {2413}. Hence (2) is satisfied.
satisfies one of the following conditions:
(1) BS n − F has two components, one of which is a singleton; (2) BS n − F has three components, two of which are singletons.
Proof. By Lemma 3.3, the result holds for n = 4. We proceed by induction on n. Assume n ≥ 5 and the result holds for BS n−1 . Now we suppose BS n − F is disconnected for any F ⊂ V (BS n ) with |F | ≤ 4n − 9. By Lemma 3.2, |F | ≥ 2n − 3. Let
Proof of Claim 3. If F 3 = ∅, then F [3,n] = ∅, and thus, by Proposition 2.1(i), BS [3,n] n − F [3,n] is connected. Hence, by Proposition 2.2, BS n − F is connected, which is a contradiction.
If |F 3 | ≥ 2n − 5, then |F | ≥ 3(2n − 5) > 4n − 9, which is a contradiction. 
By Claim 3, BS
Hence there is one edge connecting each pair of BS i n −F i (i ∈ [1, n] ). So BS [3,n] n −F [3,n] is connected. Furthermore, BS j n −F j is disconnected for some j ∈ [1, 2] as BS n −F is disconnected. Without loss of generality, we assume BS 1 n −F 1 is disconnected, and [2,n] . Hence |F [2,n] | ≥ 2|U| by Proposition 2.1(ii). 
for n ≥ 5, there is one edge joining B 1 1 and BS [2,n] n − F [2,n] in BS n − F . Hence BS n − F satisfies (1) or (2) . If |F 1 | ≥ 4n − 12, then |F [2,n] | ≤ 3, and thus 2|U| ≤ 3 and |E BS n −F (B [3,n] n − F [3,n] in BS n − F , respectively. Thus BS n − F satisfies (2) By Lemmas 3.3 and 3.4, we have the following result, which will used in the proof of Theorem 1.8.
satisfies one of the following conditions:
(1) BS n − F − {e} has two components, one of which is a singleton; (2) BS n − F − {e} has three components, two of which are singletons.
Proof. By Lemma 3.4, we can assume x, y ̸ ∈ F . Let  F = F ∪ {x}. Then |  F | ≤ 4n − 9 and BS n −  F is disconnected by the assumption. By Lemma 3.4, we need to consider the following cases.
Case 1. BS n −  F has one components B 1 and a singleton u. In this case, N BS n (u) ⊆  F . We consider two subcases.
, and thus d B 1 (x) ≥ (2n − 3) − 1 − (2n − 6) ≥ 2, which implies BS n − F − u − {e} is connected. Then y ̸ ∈ B 1 as BS n − F − {e} is disconnected. So u = y, and thus, u is a singleton of BS n − F − {e}, i.e., (1) is satisfied.
is a singleton of BS n − F − {e}, and thus (2) is satisfied. If d B 1 (x) ≥ 2, then BS n − F − {e} − u is connected, which implies (1) is satisfied. Case 2. BS n −  F has one component B 1 and two singletons u, v. In this case,
Thus xu ∈ E(BS n ) or xv ∈ E(BS n ). Without loss of generality, we assume xu ∈ E(BS n ).
Proof of Claim 4. Note that BS n has no triangular, and hence
∅, and thus N BS n (x)∩F = ∅ as N BS n (u)∪N BS n (v) =  F and we are done. So we assume xv ̸ ∈ E(BS n ). Since |N BS n (u)∩N BS n (v)| = 3, there is a vertex w ∈ F such that wu, wv ∈ E(BS n ). For anyw ∈ N BS n (v) \ N BS n (u),wx ̸ ∈ E(BS n ) (otherwise, xuwvwx is a cycle of length 5, which is a contradiction). So N BS n (x) ∩ F = ∅.
Thus B 1 ∪ {x} − {e} is connected. If y ∈ B 1 , then xv ̸ ∈ E(BS n ) as BS n − F − {e} is disconnected, and so v is a singleton and BS n − F − {e} − v is a component of BS n − F − {e}, that is, (1) is satisfied. So we assume y ̸ ∈ B 1 . Then y ⊂ {u, v}, and thus y is a singleton and BS n − F − y is a component of BS n − F − {e} when xv ∈ E(BS n ), and u, v are singletons of BS n − F − {e} when xv ̸ ∈ E(BS n ), that is (1) or (2) is satisfied.
Therefore the proof of the lemma is complete. 
Maximally local-connectivity of BS n
By Lemma 3.2, BS n is maximally connected. By Theorem 1.1, every pair of vertices in BS n is connected by 2n − 3 vertexdisjoint paths for n ≥ 4. Motivated by some research works on networks with faults, we present some further results on the maximally local-connectivity for BS n , which show that Theorems 1.7 and 1.8 hold, respectively. 
In this case, by Theorem 1.1, it suffices to show that x is connected to y in BS n − F − T for any T ⊂ V (BS n − F ) with |T | ≤ t − 1. Then |T | ≤ 2n − 4 as t ≤ 2n − 3. Suppose on the contrary that x and y are disconnected in BS n − F − T . Then BS n − F − T is disconnected. Note that |F | + |T | ≤ 4n − 9, and hence, by Lemma 3.4, we can assume x is a singleton of Fig. 4 ), and thus |T | ≥ d BS n −F (x) ≥ t, which is a contradiction with |T | ≤ t − 1. 
Therefore the proof of the theorem is complete. Proof. To complete the proof, by Theorem 1.4, it suffices to show that x is connected to some vertex of U − T in BS n − F − T for any T ⊂ V (BS n − F ) with |T | ≤ t − 1. Then |F | + |T | ≤ 4n − 10. First we show that there is at most one singleton in BS n − F − T . Otherwise, if u, v are two singletons of BS n − F − T , then N BS n (u) ∪ N BS n (v) ⊆ F ∪ T (see Fig. 5 ), and thus, by Proposition 2.1(iii), |F ∪ T | ≥ 2(2n − 3) − 3 = 4n − 9, which is a contradiction with |F | + |T | ≤ 4n − 10.
Suppose on the contrary that x and U − T are separated in BS n − F − T . Then BS n − F − T is disconnected. Note that |F | + |T | ≤ 4n − 10, and hence, by Lemma 3.4, BS n − F − T contains a nontrivial component B 1 and a singleton u. Then N BS n −F (u) ⊆ T . If x = u, then |T | ≥ d BS n −F (x) ≥ t, which is a contradiction with |T | ≤ t − 1. So x ∈ B 1 . Then u ∈ U − T . If |U ∩ T | = t − 1, then T ⊆ U, and thus {u} ∪ N BS n −F (u) ⊆ U, which is a contradiction with U being a conditional terminal set. Thus |U ∩ T | ≤ t − 2, and hence (U − T ) ∩ B 1 ̸ = ∅. Let u * ∈ (U − T ) ∩ B 1 . Then there is a path between x and u * in BS n − F − T (see Fig. 6 ), which is a contradiction.
Therefore the proof of the theorem is complete. 
Conclusion
In this paper, we study the Menger property on the Bubble-sort star graph, and show that in all the n-dimensional Bubble-sort star graphs with at most 2n − 5 vertices removed, every pair of unremoved vertices x and y are connected by min{d
′ (y)} vertex-disjoint paths, where d ′ (x) and d ′ (y) are the remaining degree of vertices x and y, respectively. We also prove that the n-dimensional Bubble-sort star graph is also (2n − 6)-fault-tolerant one-to-many maximally localconnected.
The fault tolerance is an important property of network performance. Furthermore, its fault-tolerant capability may be increased if each vertex is restricted to have some fault-free adjacent vertices. It is an issue worth studying in the future. 
